
Galilean invariance and homogeneous anisotropic randomly stirred flows

Arjun Berera1,* and David Hochberg2,†

1School of Physics, University of Edinburgh, Edinburgh, EH9 3JZ, United Kingdom.
2Centro de Astrobiología (CSIC-INTA), Ctra. Ajalvir Km. 4, 28850 Torrejón de Ardoz, Madrid, Spain

�Received 25 April 2005; published 1 November 2005�

The Ward-Takahashi identities for incompressible flow implied by Galilean invariance are derived for the
randomly forced Navier-Stokes equation, in which both the mean and fluctuating velocity components are
explicitly present. The consequences of the Galilean invariance for the vertex renormalization are drawn from
this identity.
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The transformation properties of the Navier-Stokes equa-
tion �NSE� play an important part in both the physics of
turbulence as well as in practical aspects of turbulence mod-
eling �1�. Among the invariance properties or symmetries of
the NSE, Galilean invariance is perhaps the most frequently
cited in theoretical approaches to turbulence �2–6�.

For fluctuating flows, a decomposition of the instanta-
neous fluid velocity into a mean plus a component fluctuat-
ing relative to the mean �the Reynolds decomposition� shows
that the mean and fluctuating velocities respond to a Galilean
transformation in different ways. This would seem to be the
most general physical significance one could deduce by
studying the behavior of the NSE under Galilean transforma-
tions. On the other hand, because the Galilean transformation
is a symmetry of the NSE, it leads to nontrivial and exact
identities among various correlation functions. These so-
called Ward-Takahashi �WT� identities make two types of
important statements: �1� In quantum field theory �QFT�,
they relate formally divergent parts of different correlation
functions. Ward-Takahashi identities reduce the number of
counterterms or renormalization constants; and �2� in QFT,
as well as in the field theoretic approaches to condensed
matter problems, they relate different physical quantities. For
example, in hydrodynamics they relate the eddy viscosity
and the numerical prefactor multiplying the nonlinear con-
vective term �the vertex�. Thus, the deeper physical signifi-
cance of the Galilean transformation is that it constrains the
values of the physical parameters appearing in the NSE, and,
in particular, it leads to the often cited nonrenormalization of
the vertex of the NSE in the large-scale flow regime �2�.

Recently, however, it was claimed that Galilean invari-
ance does not at all constrain the vertex renormalization �7�,
thus putting into serious question the widely cited key earlier
papers in turbulence research �2,3�. In �7�, a distinction is
drawn between the NSE for the instantaneous velocity field
Vi and the NSE for the fluctuating velocity ui in the co-
moving frame of the mean constant velocity, for spatially
homogeneous flow. These velocities are defined through the
Reynolds decomposition of the velocity into its mean plus
fluctuations: Vi�x , t�= �Vi�x , t��+ui�x , t�, where the angular

brackets denote the ensemble average �1�. The essential ob-
servation made in �7� is that Galilean invariance of the equa-
tion for the fluctuating velocity ui is established by trans-
forming the mean velocity only. No previous field theoretic
derivations of the vertex nonrenormalization result have dis-
tinguished between the mean and fluctuating velocity com-
ponents, since they treat the instantaneous velocity field at
zero mean velocity, in other words, the case of a homoge-
neous and isotropic flow. In order to address specifically the
concern in �7�, in which the mean velocity plays a distin-
guished role, one should examine carefully the derivation
and physical consequence of the pertinent WT identities,
keeping explicit the decomposition of the instantaneous ve-
locity field into its fluctuating and generally nonzero mean
components. In short, one needs to treat the case of a homo-
geneous but anisotropic fluid. The purpose of this Brief Re-
port is to carry this out in some detail, paying careful atten-
tion to the rather different ways the mean and fluctuating
velocities are affected by a Galilean transformation. The is-
sue of vertex renormalization will be addressed within this
framework.

We start with the Reynolds decomposition to express the
NSE in terms of the constant mean velocity and the fluctua-
tion about the mean. So we take Vi=Ki+ui, where Ki= �Vi� is
the constant mean velocity and ui is the fluctuation about the
mean. By definition, �ui�=0. As demonstrated in �7�, the
equation of motion for a constant mean velocity Ki vanishes
identically, resulting in the NSE for the fluctuating velocity
ui. To this we add a stirring force f i and express the equation
in solenoidal form:

�ui

�t
+ Kj

�ui

�xj
+ �0Pij���

��uluj�
�xl

= �0�
2ui + f i, �1�

where the projection operator is Pij���= ��ij −�i� j /�
2�. f i is

Gaussian with zero mean �f i�=0 and time and space transla-
tion invariant: �f i�x , t�f j�y ,���=Dij�x−y���t−��. The viscos-
ity is written with subscript zero, �0, to remind us that this is
the bare �unrenormalized� molecular viscosity that appears in
the fluid equation of motion. We provide the nonlinear term
in Eq. �1� with a parameter �0=1. This is a well-known
convenient bookkeeping device used in perturbation theory,
in which typically, solutions of Eq. �1� are developed for-
mally in powers of �0.
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As we are interested in the correlation functions implied
by Eq. �1�, we make use of dynamic functional methods
�8–11�. The generating functional for the correlation func-
tions associated with Eq. �1� is given by

Z�J,��K =� �Du��D��exp�− S�u,��K +� dx dt�J · u

+ J · K + � · ��	 , �2�

where the action S is

S�u,��K =� dx dt
 1
2 � dy �i�x,t�Dij�x − y�� j�y,t�

− i�k� �uk

�t
+ Kj

�uk

�xj
+ �0Pkj���

��uluj�
�xl

− �0�
2uk� .

�3�

The field � is conjugate to the velocity ui, and is the analog
of the noncommuting operator introduced by Martin, Siggia,
and Rose �MSR� in their operator formalism of classical sta-
tistical dynamics �12�. J and � are arbitrary space and time-
dependent source functions for V=u+K and �, respectively.
It is important to note that both the mean and fluctuating
velocities couple to the same external source. A straightfor-
ward and convincing way to see that this must be so is to
start from the forced NSE for the instantaneous velocity Vi
and set up its corresponding action, and dynamic functional.
Couple Vi to a source term Ji. Insert the Reynolds decompo-
sition Vi=Ki+ui into the measure, action and into the source
terms. The incompressibility of the flow implies that the fluc-
tuations are themselves incompressible: �iVi=0⇒�iui=0.
Then Eqs. �2� and �3� follow immediately from the dynamic
functional and action for the instantaneous velocity.

We now subject the generating functional Z to a Galilean
transformation. Consider a second primed frame moving
with constant velocity c with respect to the unprimed frame.
Then the relations between time and coordinates of an event
in the unprimed and primed frames are t= t� and x=ct+x�
while the velocities and conjugate field transform as
Ki=ci+Ki� ,ui�x , t�=ui��x� , t�� and �i�x , t�=�i��x� , t��. Note
that the mean and fluctuating velocities are affected in dif-
ferent ways. The conjugate field � has dimensions of accel-
eration and so transforms as indicated above. Using the time
and coordinate transformations as well as these rules, it is
easy to verify that S�u� ,���K�=S�u ,��K and the functional
integral measures are invariant: �Du��= �Du� , �D���= �D��.

To obtain the Ward-Takahashi identity, consider an infini-
tesimal Galilean transformation and Taylor expand the fluc-
tuating velocity out to first order in the relative velocity �c as
follows:

u�x + �ct,t� = u�x,t� + t��c · ��u�x,t� , �4�

with an analogous expansion for �. This implies that the
functional Z in Eq. �2� transforms as Z→Z+�Z, where

�Z = ��� tJl��c · ��ul + t�l��c · ���l − J · �c��
•

= 0.

�5�

The angular brackets with the bullet denote the average taken
over the turbulent ensemble in the presence of the source
terms. As Eq. �5� holds for all �c, it follows that Z satisfies
the functional differential equation �the integral is over x , t�

�� tJl� j
�

�Jl
+ t�l� j

�

��l
− Jj�Z�J,��K = 0. �6�

This makes use of the fact that the mean velocity Kl
is constant in homogeneous turbulence, hence
� j�Kl�•=� jKl�1�•=Kl� j�1�•=0, and so � j� /�JlZ�J ,��K

=� j�ul+Kl�•=� j�ul�•+� j�Kl�•=� j�ul�•. This identity Eq. �6�
for the functional Z can be used to obtain exact relationships
among the correlation functions associated with the random
velocity field in its Reynolds decomposed form. Of course, Z
generates both the disconnected and connected correlation
functions. For the purposes of renormalization, it is custom-
ary to work instead with the connected proper vertices, also
known as the one-particle irreducible �1PI� Green functions
�13�. It is important to point out that at lowest order, or at
tree level, the connected proper vertex functions coincide
with the vertices of the original �bare� action S �3�. To
obtain the generating functional for 1PI vertices, we
follow standard practices and introduce the generating func-
tional of the connected Green functions W=ln Z, and
then carry out a Legendre transform �13� ���V�• , ���•�
=−W�J ,��+�J · �V�•+� · ���•, where

�Vk�• =
�W

�Jk
, ��k�• =

�W

��k
,

��

��Vk�•
= Jk,

��

���k�•
= �k.

�7�

Note, of course, that �Vk�•= �uk�•+Kk. From the definitions of
W and � and using Eq. �7�, we obtain immediately the Ward-
Takahashi identity satisfied by �:

� �t�i�Vl�•
��

��Vl�•
+ t�i��l�•

��

���l�•
−

��

��Vi�•
� = 0. �8�

The great utility of the WT identity Eq. �8� is that it provides
exact, non-perturbative equations relating various proper ver-
tices �correlation functions� associated with the NSE equa-
tion. At lowest order �i.e., tree level�, these proper vertices
can be read off directly from the action S �see below�. Here,
and in conformity with the Reynolds decomposition, the
mean value of the velocity field in the absence of source
terms is a constant �and nonzero� vector: �Vi�x , t��
=�W�J ,�� /�Ji�J=�=0=Ki. A nonzero expectation value for
the fluid velocity in the limit of vanishing external sources is
reminiscent of symmetry breaking in field theory. Indeed, the
existence of a constant Ki breaks the fluid isotropy since a
preferred direction is being singled out. In this case, the cor-
rect Taylor series representation of the effective action � is
given by �14�
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���V�•,���•� = �
m1,m2=1

�
1

m1 ! m2!
� �dx dt��i1,i2,…,im1,j1,j2,…,jm2

�m1,m2� ��Vi1�1��• − Ki1�… 	 ��Vim1�m1��• − Kim1�

	�� j1�1��•…�� jm2�m2��•, �9�

where

�i1,i2,…,im1,j1,j2,…,jm2
�m1,m2� = � �m1+m2���V�•,���•�

��Vi1�1��•…��Vim1�m1��•��� j1�1��•…��� jm2�m2��•
��V�•=K

���•=0

. �10�

We employ a condensed notation to indicate the dependence
on space and time, thus, e.g., �1���x1 , t1� , �m1���xm1 , tm1�
and �dx dt� stands for the volume element for all m1+m2
pairs of space and time points to be integrated over in each
term of the sum in Eq. �9�. The factors Eq. �10� for each m1
and m2 correspond to specific proper vertex with m1 factors
of the velocity and m2 factors of the conjugate field. So, for
example, the inverse response function and proper vertex
associated with the nonlinear convective term in the NSE are
�suppressing the dependence on the space and time argu-
ments� �ij

�1,1�, and �ijk
�2,1�, respectively.

The pertinent WT identity that we seek is obtained by
inserting Eq. �9� into Eq. �8� differentiating the latter with
respect to � /��Vk�y , t���•� /��� j�w , t���•, using the definition
in Eq. �10� and then setting �V�•=K and ���•=0. Doing so
yields

�t� − t��
�

�yi
� jk

�1,1��y,t�,w,t�� =� dx dt�ijk
�2,1��x,t,y,t�,w,t�� ,

�11�

which follows after an integration by parts �we adopt vanish-
ing boundary conditions� and using the fact that spatial ho-
mogeneity implies proper vertices are translational invariant
in configuration space. For our final step, we express this
identity in terms of wave number �or, momentum� and fre-
quency space �k ,
�, by means of the Fourier transform �FT�.
Recall that for stationary flow, the proper vertices can depend
only on time differences. Thus, the FT of Eq. �11� yields

− ki
�

�

� jk

�1,1��k,
;− k,− 
� = �ijk
�2,1��0,0;k,
;− k,− 
� .

�12�

At zero-loop order �indicated via the zero superscript�, and
from Eq. �3� we can read off directly the 1PI functions that
are related by this WT identity, namely

�
0

ij
�1,1� = �− i
 + iKjkj + �0k2�Pij�k� , �13�

�
0

ijk
�2,1� = i�0kiPjk�k� . �14�

It is important to realize that the Kj dependence of the bare
response function �13� follows from applying the Reynolds
decomposition from the outset to the NSE, which leads to �1�

and �3�. This expression cannot be obtained from applying a
Galilean transformation to the response function for an iso-
tropic fluid �Kj =0�. Inserting Eqs. �13� and �14� into Eq. �12�
implies that �0=1. In other words, Galilean invariance re-
quires that the bookkeeping parameter introduced in Eq. �1�
must be identically unity. This result is clearly independent
of the mean velocity Ki. To go further, we make the reason-
able assumption that some of the perturbative corrections to
the solution of Eq. �1� can be absorbed into redefinitions of
the parameters appearing in the equation of motion. This is
to say, we assume the NSE is partially form-invariant with
respect to the renormalization arising from the fluctuations
inherent in the randomly stirred ensemble. This renormaliza-
tion leads to frequency and wave-vector dependent viscosity
and a “mass” term � in the inverse response function. The
vertex associated with the convective term in the NSE can
also, in principle, be modified or suffer renormalization,
leading to a frequency and wave-vector-dependent term
which we denote �. The most general terms one can write
down which maintain the same tensorial structure as their
unrenormalized counterparts Eq. �13� and Eq. �14� are

� jk
�1,1��k,
;− k,− 
� = �− i
 + ��
,k�k2 + ��
,k��Pjk�k� ,

�15�

�ijk
�2,1��0,0;k,
;− k,− 
� = ikiPjk�k� + �ijk�
,k� , �16�

where in accordance with Eq. �12� and Eqs. �13� and �14�,
we have set �0=1 in Eq. �16�. The relation of Eq. �15� and
Eq. �16� to Eq. �13� and Eq. �14�, respectively, is as follows.
Imagine setting the nonlinear term in the NSE to zero by
formally taking �0→0. Then ��
 ,k�→�0 ,��
 ,k�→ iKjkj

and �ijk�
 ,k�→0. That is, these terms appear as a result of
the perturbation expansion, which is developed in powers of
�0. Finally, inserting these expressions Eqs. �15� and �16�
into the Ward-Takahashi identity Eq. �12� implies that

− kiPjk�k��k2���
,k�
�


+
���
,k�

�

� = �ijk�
,k� . �17�

There are some general consequences one can draw from this
identity. First of all, in models of stationary forced turbu-
lence Eq. �1�, the effective viscosity cannot depend on time
�nor will its FT depend on the frequency 
�, and thus at most
the renormalized viscosity could depend on the wave num-
ber: �=��k2�. The same holds for the “mass” term �=��k�,
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so that for stationary random forcing Eq. �17� immediately
implies that �ijk�
 ,k�=0, and hence the vertex function
�ijk

�2,1� in Eq. �16� is not altered by perturbative corrections to
the equation of motion. When �ijk�
 ,k�=0, this vertex is
that which corresponds to the convective term in the NSE
Eq. �1�. There is one important caveat here: this conclusion
holds only for the case of zero-momentum transfer in the
vertex �see Eq. �12��. We are not claiming that the vertex
cannot have nontrivial renormalization for finite momentum
transfer. This result of vanishing vertex correction �ijk�
 ,k�
is valid only for large-scale flows and is independent of the
value of Ki.

In conclusion, when we come to reconcile Galilean in-
variance with fluctuation phenomena, we know that the en-
forcement of this symmetry does impose nontrivial condi-
tions on some of the physical parameters appearing in the
equation of motion. For example, recursive renormalization-
group �RG� procedures applied to the NSE explicitly gener-
ate higher-order nonlinearities in the renormalized fluid
equation of motion. These higher-order nonlinearities, such
as triple velocity products, do, however, preserve Galilean
invariance �15�. Correlation functions provide further infor-
mation that cannot be ascertained at the level of the evolu-
tion equation of motion alone. Here it is worthwhile to recall
that the original operator-based perturbation theory devel-
oped by MSR requires three different vertices. They claim
that the whole problem of strong turbulence is contained in a
proper treatment of the vertex renormalization �12�. The two
additional vertices introduced by MSR have no counterpart
at the level of the NSE.

In contrast to the NSE, correlation functions cannot be
neatly separated into mean and fluctuating parts. This, in
general, means constraints from Galilean invariance for the
mean velocity component also can have implications for the
fluctuating component. In particular, this leads to the WT
identity Eq. �17�, which provides a nontrivial relation be-

tween the fluid response function and the nonlinear vertex
term �convective term�. This dependence holds, of course,
only for the large scale flow regime and says nothing about
the small scale flow behavior, i.e., the inertial and dissipation
ranges. This is so because �17� follows directly from �12�,
which as can be checked, involves the vertex only for zero
momentum transfer.

In �7�, the claim is made that Galilean invariance provides
no constraint whatsoever on the vertex renormalization, in
sharp contrast to the results in �2,3,6�. These previous papers
that examined the WT identities did so in the frame at zero
mean velocity in which it would be impossible to test the
claims of �7�, which depend crucially on having Reynolds
decomposed the fluid velocity. To test these claims requires
working in a frame of general nonzero mean velocity. This
paper has done this and demonstrated that, although the
claims in �7� have some validity, the fluctuating velocity
component is still partly constrained, in particular, in the
limit of zero momentum transfer. Thus our result provides a
resolution to the seemingly differing conclusions drawn in
�7� and in �2,3,6�. In the process of addressing this issue our
paper has also provided the most general form of the WT
identities for the randomly forced NSE. These results cannot
be derived from the other treatments of the WT identities in
�2,3,6� by simply performing a Galilean transformation of
their results. Further understanding about the implications of
Galilean invariance in the NSE can perhaps be gained by
examining the analogy between this symmetry and global
gauge invariance in QFT and exploring the implications of
gauge fixing procedures.
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